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Abstract

Motivated by overflow policies implemented in service systems, we consider a multi-server queue

with customers’ abandonment where rejection control is exercised on customers currently waiting

in the queue. Our aim is to find a good balance between conflicting goals, namely, the rate

of rejected customers and a cost function which may involve wait and abandonment metrics

like percentiles of the waiting time or rate of abandonment. We develop a Markov decision

process approach where the waiting time of the first customer in line is used in a discretized

form to define the system state. We show that a time-based threshold policy is optimal, and

develop a procedure to compute the optimal threshold. Our analysis explains some known

behaviors in practice. For instance, if the cost function is constant in the system state like with

wait percentiles, then the optimal threshold is one of the time limits defining the percentiles.

Also, abandonment is shown to have beneficial or detrimental effect depending on the system

manager’s objective.

Keywords: Queueing systems; Markov decision process; performance evaluation; threshold

policy; Erlang approximation; routing; rejection; abandonment.

1 Introduction

In many service systems, a timeout threshold is set by administrators in order to control the time

spent in the system by customers. In particular, time-based-rejection policies can be found in service

contact centers. Some call centers use CTI software to manage call rejection after a certain waiting

time threshold. The threshold value is adjusted by the customers (the call centers) according to their

business requirements. For instance, it is 6 minutes for the energy company Primagaz, 5 minutes

for the pharmaceutical company Sanofi, 3 minutes for the telecom operator Keyyo’ commercial call

center and 15 minutes for its technical hotline. For Carglass, a callback option is also proposed at a

waiting time threshold of 10 minutes. Another illustration of task rejection in contact centers is the

use of automatic replies for emails. Based on a list of key words, an automatic email is sent in reply

to an email that has not been answered within an acceptable response time. Another case where

time-based policies are employed is in IVR systems. For instance, robot agents may be used if the
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waiting time is too long, or live agents may take over a service if the service time with a robot is too

long (or unsuccessful). Finally, in Emergency Departments, the patient-priority is often increased

after reaching some wait-thresholds.

One objective for the controller in the aforementioned examples is to reduce the customer flow

by rejecting or proposing a service alternative to some customers. Thus, the late-rejection policies

presented above belong to the family of overflow policies. Late-rejection policies however differ

from the rejection strategies studied in the academic literature. In most of these studies, customers

are rejected or rerouted upon arrival (Akşin et al., 2008; Ren and Zhou, 2008; Koçağa and Ward,

2010; Schrieck et al., 2014). The decision to reject a newly arrived customer is based on the system

state, i.e., on its expected waiting time. The alternative, proposed here, is to accept that the new

customer joins the queue, but allow it to be rejected later if its experienced waiting time reaches a

timeout threshold.

Intuitively, late-rejection seems worse than rejection at arrival. Rejecting customers after a wait

(late-rejection) is particularly customer-unfriendly in the sense that rejected customers are doubly

punished; they wait and then they are rejected. This should preclude the implementation of late-

rejection policies. However, late-rejection is nonetheless of interest. Compared to rejection at arrival,

its main operational value is to improve management of (i) service time variability, and (ii) non-

linear objectives. Variability in service times may lead to a shorter realized wait than the expected

wait evaluated at arrival. Therefore, rejecting customers at arrival could lead to wrong decisions if

the idea is to serve customers with sufficiently short waits. Consider for instance an M/M/1 queue

with an expected service duration of 4 minutes. If a customer arrives when 5 customers are already

present in the system, then the expected waiting time is equal to 20 minutes. This might seem

long, and a controller may choose to reject this customer. However, the customer has a 56% chance

of waiting less than 20 minutes, a 32% chance of waiting less than 15 minutes, an 11% chance of

waiting less than 10 minutes, and a 1% chance of waiting less than 5 minutes. So, it might worth

trying to serve this customer.

Moreover, in many service systems, the quality of service is evaluated based on percentiles of

waiting time. This metric is often preferred to the average speed of answer as the former was

perceived to be more informative (Bailey and Sweeney (2003)). For instance, a minimum service

level of 80% of customers served in less than 20 seconds is common in call centers (Aksin et al.

(2007),Koole (2013)), while a minimum service level of 90% of patients served in less than four

hours is used in emergency departments (Thompson et al. (1996)). Wait percentiles can be seen as
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the Value-at-Risk of a service system (Lotfi and Zenios, 2018). For percentile objectives, time-based

decisions seem valuable. For instance, with a time-based rejection threshold, 0% of customers would

wait more than the timeout threshold. On the contrary, with rejection at arrival, the future wait is

not perfectly controlled due to the variability in the service times.

We should also mention that although late-rejection seems useful for handling non-linear objec-

tives and service time variability, it appears to have other advantages for contact center managers.

First, it reduces the attractiveness of the competition. If a customer has already waited some time

at a contact center and has paid a cost per minute of wait, then an investment has been made

to receive a service, and callers will be less likely to contact the competition. So they will either

try to call back the same call center or agree to be called back later. When a callback offer is

proposed at a caller’s arrival, no investment is made, and the announcement of a long waiting time

and/or a long delay for being called back may cause callers to balk (and try to obtain the service

elsewhere). Another aspect is related to the customer’s learning experience. A recent article by

Emadi and Swaminathan (2018) shows that new callers who do not have any prior experience with

the call center tend to be optimistic about their delay in the system and underestimate its length.

Dissatisfaction due to too long wait may then be stronger than that of accustomed callers. Making

customers wait before being rejected is one way of giving them an experience of the congestion. The

call center may then expect these customers to be less demanding in the future.

In this paper, our main aim is to analyze a queue in which late-rejection control is exercised. To

understand the implementation of this policy, we formulate a time-based rejection control problem

for a stationary M/M/s+G queue when there are costs associated with customer rejection, customer

abandonment, and customer wait. The wait-cost can be a function of the expected waiting time,

percentiles of the waiting time or may involve higher moments of the wait. Therefore, the late-

rejection control problem can be formulated as one that tries to minimize the system cost by

providing a good trade-off between the waiting or abandonment cost and the rejection cost. More

precisely, the question we wish to analyze is how long should a customer remain in the queue before

being rejected? The main difficulty in the analysis is the decision variable, namely, the customer

wait. The system therefore cannot be modeled as a simple Markov decision process where a state

of the system corresponds to the number of customers. To overcome this difficulty, we approximate

the waiting time of the first customer in line in the queue by an Erlang distribution as in Koole et al.

(2012) and Legros et al. (2017). This allows us to represent the system evolution by a Markov chain.

As the parameters of the Erlang distribution tend to infinity, the approximated model converges to
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the real one. Another difficulty is the non-linearity of the objective function which does not allow

us to prove the form of the optimal policy using an induction step approach. We overcome this

difficulty by studying the properties of the relative value function directly. We show that a waiting

time-based threshold control policy is optimal for our problem. Therefore, our model is reduced to

an M/M/s+min(G,D) queue where the deterministic rejection threshold is an endogenous controlled

parameter. This result is a natural translation, with time-based decisions of the queue-size threshold

policy for controlling rejections at arrival resulting in an M/M/s+G/s+n queue. In order to compute

the optimal threshold, using the approximated model via an n-terminating formulation as in Koçağa

and Ward (2010) and Adusumilli and Hasenbein (2010), we prove that the first local minimum found

by increasing the time-threshold is necessarily a global one when the patience has the decreasing

failure rate property. Other practical results are also derived. We show that if the cost function is

constant, for instance if it is made up of percentiles of the waiting time, then the optimal threshold

is one of the time limits defining the percentiles. The role of abandonment is also investigated. We

show that although abandonment is perceived as a negative phenomenon, it may be beneficial when

the system manager is focused on the service quality of served customers.

Structure of the article. The remainder of the article is structured as follows. Section 2 reviews

the related literature, while Section 3 defines the optimization problem. Section 4 investigates the

computation of the optimal policy, and Section 5 shows the applicability of these results. Finally,

Section 6 concludes the article. The proofs are given in the Appendix.

2 Literature review

We distinguish two streams of literature related to this paper. The first considers queueing models

where decisions are based on the customers’ waiting experience, while the second deals with admis-

sion control problems. One particularity of our queueing model is that decisions are taken according

to the experienced waiting time of the oldest customer in the queue. Although using the waiting

time as a decision variable is common in practice, the academic literature almost always focuses on

quantity-based policies, where the number of customers is the decision variable. One reason is the

difficulty of providing a Markov chain analysis when the wait is the decision variable. To overcome

this difficulty, Koole et al. (2012) created a tool to develop Markov decision processes analysis where

the first-in-line waiting time is used as a decision variable. Later, Legros et al. (2017) extended this

method to queueing models with rejection and abandonment. Yet, the complexity of the transition

4



structure provided in these references makes it complicated to prove the optimality of a policy using

this method. Hence, for policy computation, only numerical applications (Koole et al., 2015; Legros,

2018) have so far been considered using this method. For performance evaluation, this method has

been successfully employed with the restrictive assumption of a deterministic abandonment (Legros,

2016, 2019). In this article, we attempt to tackle the limitations of existing results and provide a

theoretical method to compute the optimal rejection policy.

A famous routing problem in the queueing literature is the admission control problem (Ku and

Jordan, 2003; Maglaras and Van Mieghem, 2005; Ward and Kumar, 2008; Xu, 2015; Niyirora and

Zhuang, 2017; Bountali and Economou, 2017). For a given optimization problem where a trade-off

between the wait and the rejection flow has to be determined, a controller has to decide whether or

not to keep a customer in the system. In most of these studies, the decision is taken upon arrival

based on the number of customers in the system. This differs from our setting where the control

variable is the experienced waiting time. We refer to Hassin and Haviv (2003) for an overview of

classic routing solutions for individual and social optimization with observable and non-observable

simple queues. In a complex queueing network of service facilities, Cosyn and Sigman (2004)

investigate the admission control problem with queueing and reneging from a revenue maximizer

perspective. Using orbiting as an approximation of queueing, they show that a target tracking

policy is close to optimal. Lin and Ross (2004) analyze a single server loss queueing system. A

gatekeeper has to decide whether to admit a customer without knowing the status (idle or busy)

of the server. They show that a threshold policy which blocks arrivals for a certain time period

following each admission and then admits the next customer is optimal. The present paper shows

the benefits of time control as found in our study. Bassamboo et al. (2005) consider a service system

model with several customer classes, server pools and doubly stochastic arrivals. A double control

is exercised: rejection control at arrival and routing control to a given pool after a certain wait.

Under asymptotic assumptions on the system parameters, they show how to implement the fluid

model’s optimal control in the original service system context. In the context of outsourcing, Gans

and Zhou (2007) studied a call center with high and low values calls and evaluated routing schemes

for outsourcing part of the low values calls, investing different priority queues. Gurvich and Perry

(2012) considered a service network operated under a threshold-type overflow mechanism. If the

waiting room is full, the call is overflowed to an outsourcer. They showed that the larger the system

becomes, the more negligible the dependency between each in-house station and overflow station.

Studies by Koçağa and Ward (2010) and Adusumilli and Hasenbein (2010) considered the problem
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of admission and rate control. They developed the so-called n−terminating problem to compute

the optimal quantity-threshold for their respective models. This method is employed in this article

to compute the optimal time-dependent threshold.

3 System modeling and the optimization problem

We consider a multi-server queue with s servers, infinite capacity, and a first-come-first-served

(FCFS) discipline. The arrival process of customers is Poisson with rate λ, and the service times

are assumed to be independent and exponentially distributed with rate µ. Moreover, we assume that

a customer accepts to wait with probability b (0 ≤ b ≤ 1) or balks with probability 1− b. Finally,

a waiting customer has finite patience and will abandon if the waiting time exceeds a random time

that is generally distributed. Based on the wait experienced by a customer in the queue, a controller

may decide at any instant to reject this customer from the system. The objective is to develop a

waiting time-based stationary rejection control policy that minimizes the long-run average expected

cost. The idea is to use rejection to control the system congestion and subsequently reduce the

wait-cost function and the abandonment from the queue.

The particularity of this optimization problem is that decisions are taken based on time-related

information rather than quantity-based information as in most control problems. Therefore, using

the number of customers in the system as a state variable may not allow us to reach the optimal

policy. Moreover, a quantity-based Markov decision process formulation fails to capture percentiles

of the wait when those are involved in the wait cost function. To overcome this problem, we choose

to explicitly model the waiting time of the First Customer in Line (FIL) in a dicretized form in the

system state of a continuous time Markov chain as in Koole et al. (2012) and Legros et al. (2017).

This approximation model is referred to as the Erlang Approximation (EA).

Let us denote by x a state of the corresponding Markov chain, where x ≥ −s. States with

−s ≤ x ≤ 0 correspond to an empty queue and s + x busy servers. States with x > 0 correspond

to a situation where the FIL is waiting at phase x and all servers are busy. In states x ≤ 0, the

Markov chain is identical to the one of a classical M/M/s queue where λ-transitions (respectively

(s + x)µ-transitions) correspond to an increment (respectively, to a decrement) of the number of

customers in the system. In state x = 0, after a λ-transition, a customer enters the queue and

the entity FIL is created starting at phase x = 1. For x > 0, further increase of x corresponds to

phase-increase of the FIL. We approximate the time spent in each waiting phase by an exponential

distribution with rate γ. Therefore, a γ-transition from phase x > 0 corresponds to an increase
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of the waiting phase of the FIL. Note that with x > 0, the number of customers in the system is

ignored.

Having large values of γ improves the approximation as it better represents the continuously

elapsing time. As γ tends to infinity, this approximate setup converges to the original one, which

leads to an exact analysis. This result comes from the convergence in distribution of the Erlang dis-

tribution to a deterministic one. The Laplace transform in the variable y of the Erlang distribution

with parameters x and γ such that x/γ = t is
(

γ
γ+y

)x
. We thus have

(
γ

γ + y

)x
= ex ln((1+y/γ)

−1) ∼
γ→∞

ex ln(1−y/γ) ∼
γ→∞

e−xy/γ = e−yt,

where we write f(a) ∼
a→a0

g(a) to express that lim
a→a0

f(a)
g(a) = 1, for a0 ∈ R. Applying the Levy

continuity theorem for Laplace transforms, this result ensures that as x and γ go to infinity, the

considered Erlang random variable converges in distribution to the deterministic duration t.

After a service completion or an abandonment, the FIL leaves the queue. Either the queue

becomes empty or another customer is present in the queue and the second customer in line becomes

the new FIL. The difficulty with abandonment is to determine the transition probability, because the

next customer first in line, if any, is no longer necessarily the customer that arrived after the FIL who

just left. The former might actually have abandoned. To overcome this difficulty, as in Legros et al.

(2017), we approximate times before abandonment by an homogeneous Coxian distribution evolving

with the same rate γ as the elapsing of time of the FIL. This Coxian distribution is defined by the

parameters rx for x ≥ 1 and rx ∈ [0, 1]. Specifically, after a γ-transition from waiting phase x > 0,

a customer abandons with probability 1− rx, or stays in the queue with probability rx. As proven

in Theorem 1 of Legros et al. (2017), any non-negative random variable representing customers’

patience can be approximated as close as wanted by an homogeneous Coxian distribution.

This approximation allowed expressing the transition probabilities, px,k, to move from state

x > 0 to state k, with 0 ≤ k ≤ x. From Theorem 2 of Legros et al. (2017), we have

px,0 =

x∏
i=1

qi, and, px,k = (1− qk)
x∏

i=k+1

qi, for 0 < k ≤ x, where qi =

1 +
bλ

γ

i∏
j=1

rj

−1 .
In summary, the five possible transitions in the approximation model are as follows:

1. An arrival with rate λ while the queue is empty (−s ≤ x ≤ 0), which changes the state to

x+ 1. If −s ≤ x < 0, then the number of busy servers is incremented by 1. If x = 0, then the
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FIL entity is created.

2. A service completion with rate (s+x)µ while the queue is empty (−s < x ≤ 0), which changes

the state to x− 1. The number of busy servers is decremented by 1.

3. A service completion with rates sµpx,k while the queue is not empty (x > 0), which changes

the state to k, that is, the new FIL is in waiting phase k if k > 0 or the queue is empty if

k = 0.

4. A phase increase which does not lead to an abandonment with rate γrx while the queue is not

empty (x > 0), which changes the state to x+ 1. The waiting phase of the FIL is incremented

by 1.

5. A phase increase which leads to an abandonment with rate γ(1 − rx)px,k while the queue is

not empty (x > 0), which changes the state to k, that is, the new FIL is in waiting phase k if

k > 0 or the queue is empty if k = 0.

We propose a cost model that is flexible enough to accommodate the variety of performance

metrics encountered in service systems. Among those are the rate of abandonment, the expected

waiting time, percentiles of the wait, the average excess, or higher moments of the wait. For wait

related metrics, we may also distinguish between customers who are served, rejected or who have

abandoned the queue. In what follows, we give examples of cost function, c(x), that may capture

some of these metrics.

• Abandonment. Abandonment occurs after a (1 − b)λ-transition from state x = 0 and a

(1 − rx)γ-transition from states x > 0. Therefore, by defining c(0) = (1 − b)λ, and c(x) =

(1− rx)γ, for x > 0, a cost of 1 is counted per customer who abandons the queue. With this

definition of c(x), we capture the rate of customers who abandon the system. With the same

definition, by diving c(x) by λ, we instead consider the proportion of customers who abandon

the system.

• Expected wait. The expected time spent in each waiting phase is 1/γ. Therefore, the

expected wait of a customer who leaves the queue from state x > 0 is x
γ . A service occurs

after a sµ-transition from state x ≥ 0. Therefore, with c(x) = sµxγ , for x ≥ 0, a cost of 1

is counted per time unit spent in the queue for served customers only. With this definition,

we capture the product of the rate of served customers multiplied by their expected wait. By

changing sµ in this definition by γ(1− rx) (respectively, by γrx if a rejection is decided), we
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instead consider the expected wait of customers who abandon the queue (respectively, the

expected wait of customers who are rejected).

• Wait percentile. For a wait percentile, a penalty is paid when the wait is longer than a

threshold, t∗. In our model, the wait is discretized. We then choose an integer n∗, such that

n∗

γ = t∗. In this way, by letting n∗ and γ tend to infinity, the waiting phase n∗ corresponds to

the time threshold t∗. Therefore, with c(x) = sµ1x≥n∗ , for x ≥ 0, where 1x∈A is the indicator

function of a given subset A, a cost of 1 is counted per served customer from a waiting phase

higher than n∗. As for the expected wait, the coefficient sµ in c(x) can be changed into

γ(1− rx) or γrx to consider customers who abandon the queue or who are rejected in case of

rejection.

• Average excess. The average excess is the expected waiting time in excess of a threshold, t∗.

As for wait percentiles, we choose n∗ such that n∗

γ = t∗. For instance, with c(x) = sµ (x−n∗)+

γ ,

where z+ = max(z, 0), a cost of 1 is counted per time unit spent in the queue in excess of t∗

for served customers only.

• Higher moments. The moment-generating function of an Erlang random variable with x

phases and rate γ per phase as a function of t is
(

1− t
γ

)−x
=
∞∑
i=0

(x−1+i)!
i!(x−1)!

(
t
γ

)i
. Therefore,

by defining c(x) = sµ (x−1+i)!
(x−1)!γi , we capture the ith moment of the wait in the cost function for

served customers.

The cost function, c(x), can also be a linear combination of the different aforementioned examples.

Finally, if a rejection is decided, we count a penalty P per rejected customer.

As for the service discipline, we apply a first-come-first-rejected (FCFR) discipline for the rejec-

tion decision. Therefore, the rejection decision is taken in priority to the FIL. More precisely, the

possible actions after an elapse of time of the FIL are either to maintain the customer in the queue

or to reject the customer from the system. The dynamic programming optimality equations for the
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relative value function, V (x), for x ≥ −s, and an average constant cost g, are given by

V (−s) + g = λV (−s+ 1) + (1− λ)V (−s), (1)

V (x) + g = λV (x+ 1) + (s+ x)µV (x− 1) + (1− λ− (s+ x)µ)V (x), for − s < x < 0, (2)

V (0) + g = c(0) + bλmin(V (1), V (0) + P ) + sµV (−1) + (1− bλ− sµ)V (0), for x = 0, and, (3)

V (x) + g = c(x) + γrx min(V (x+ 1), F (V (x)) + P ) + (sµ+ γ(1− rx))F (V (x)) (4)

+ (1− γ − sµ)V (x), for x > 0,

where F (V (x)) =
x∑
h=0

px,x−hV (x−h) for x ≥ 1, and F (V (x)) = V (x) for −s ≤ x ≤ 0. Note that we

allow the controller to reject a customer at arrival (Equation (3)) when all servers are busy and the

queue is empty. However, customers are not rejected at arrival if there is at least one idle server.

This is without loss of generality since rejecting a customer at arrival when a server is idle is not

optimal for our optimization problem.

The non-convexity of the cost function, c(x), prohibits us from showing the form of the optimal

policy using an induction step approach as developed in Puterman (1994). Instead, in Section 4,

we develop a method to compute the optimal policy via an analysis of the relative value function.

4 Computation of the optimal policy

We introduce the relative cost difference defined as y(x) = V (x) − F (V (x − 1)), for x > −s. We

rewrite Equations (1)-(4) in terms of y as follows:

g = λy(−s+ 1), (5)

g = λy(x+ 1)− (s+ x)µy(x), for − s < x < 0, (6)

g − c(0) = bλmin(y(1), P )− sµy(0), for x = 0, and, (7)

g − c(x) = rxγmin(V (x+ 1)− V (x), F (V (x)) + P − V (x)) (8)

− (sµ+ γ(1− rx))(V (x)− F (V (x))), for x > 0.

10



For x > 0, we have

V (x)− F (V (x)) = V (x)−
x∑
k=1

(1− qk)

 x∏
j=k+1

qj

V (k)−

 x∏
j=1

qj

V (0)

= qxV (x)− qx

x−1∑
k=1

(1− qk)

 x−1∏
j=k+1

qj

V (k)−

x−1∏
j=1

qj

V (0)


= qx(V (x)− F (V (x− 1))).

An equivalent form of Equation (8) is thus

g − c(x) = γrx min(y(x+ 1), P )− qx(sµ+ γ)y(x), for x > 0. (9)

Theorem 1 proves that there is no randomized policy that has a strictly lower infinite horizon

average expected cost than g. Let us denote the set of stationary policies for customer rejection

by ΩS . A policy in this class allows customers to enter the system whenever a server is available,

associate a probability p(0) to reject a customer at arrival if the queue is empty and all servers

are busy and a probability p(x) to reject the FIL after its x waiting phase. The set ΩS includes

threshold policies.

Theorem 1 If gS is the associated cost with a policy in ΩS, then gS ≥ g.

The existence of a stationary solution to Equations (5)-(8) is due to the aperiodic irreducible Markov

chain considered here (see Theorem 8.5.3 part c of Puterman (1994)). The stationary solution of

these equations can only lead to a deterministic threshold policy. Either y(1) > P , and it is optimal

to reject arriving customers if all servers are busy, or the first waiting phase x such that y(x+1) > P

is the optimal rejection threshold. Note that even if there exists x′ > x such that y(x′ + 1) < P ,

the optimal rejection policy remains a threshold policy with threshold level x since waiting phase

x′ is never reached by any customer.

Equations (5)-(9) are difficult to solve explicitly due to the minimizing operator. To overcome

this difficulty, we consider the n−terminating problem as in Koçağa and Ward (2010) and Adusumilli

and Hasenbein (2010). To this end, we consider a threshold policy with waiting threshold level n.
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In other words, we want to find a constant gn and a vector (y(1)n, y(2)n, · · · , y(n+ 1)n) such that

gn = λyn(−s+ 1), (10)

gn = λyn(x+ 1)− (s+ x)µyn(x), for − s < x < 0, (11)

gn − c(0) = bλyn(1)− sµyn(0), for x = 0, (12)

gn − c(x) = γrxy
n(x+ 1)− qx(sµ+ γ)yn(x), for 0 < x ≤ n, (13)

and yn(n + 1) = P , for n ≥ 0. The n-terminating problem is a Markovian Reward Process with

finite state space. Using an induction step, we can show after some algebra that the unique solution

of Equations (10)-(13) is

yn(−s+ x) =
gn

λ

x−1∑
k=0

(x− 1)!

(x− 1− k)!

(µ
λ

)k
, for 1 ≤ x ≤ s, and, (14)

yn(x) = gn


s∑

k=0

s!
(s−k)!

(µ
λ

)k
bλ

(
sµ+ γ

γ

)x−1 x−1∏
j=1

qj
rj

+
x−1∑
k=1

1

γrk

(
sµ+ γ

γ

)x−k−1 x−1∏
j=k+1

qj
rj


− c(0)

bλ

(
sµ+ γ

γ

)x−1 x−1∏
j=1

qj
rj
−
x−1∑
k=1

c(k)

γrk

(
sµ+ γ

γ

)x−k−1 x−1∏
j=k+1

qj
rj
, for 1 ≤ x ≤ n+ 1.

Using yn(n+ 1) = P , we get

gn =

P
(

γ
sµ+γ

)n
+ c(0)

bλ

n∏
j=1

qj
rj

+
n∑
k=1

c(k)
γrk

(
γ

sµ+γ

)k n∏
j=k+1

qj
rj

s∑
k=0

s!
(s−k)!(

µ
λ)

k

bλ

n∏
j=1

qj
rj

+
n∑
k=1

1
γrk

(
γ

sµ+γ

)k n∏
j=k+1

qj
rj

. (15)

Using the results of Lemma 1, in Theorem 2 we prove that the first local minimum of gn found

by increasing n is the optimal threshold.

Lemma 1 For the n−terminating problem, if gn1 ≥ gn2 for n1, n2 ∈ N, then

yn1(x) ≥ yn2(x), for − s+ 1 ≤ x ≤ min(n1, n2) + 1. (16)

Theorem 2 Let rx and c(x) − qxP (sµ + γ) be increasing in x and suppose that there exists a

solution to the n−terminating problem (Equations (10)-(13)) with gm < gk, for 0 ≤ k ≤ m− 1 and

gm+1 > gm, and if gS is the average cost associated with a policy in ΩS, then we have gS ≥ gm.

gn may be strictly decreasing in n. In this case, it is optimal not to reject any customers. In what
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follows, we prove that the n−terminating solution converges to the optimal one in the decreasing

case. In Lemma 2, we prove that there exists a solution to Equations (5)-(9) in the decreasing case

for a modified cost function.

Lemma 2 Let rx be increasing in x and bλ < sµ and suppose there exists a sequence of n−terminating

solutions {gn, yn(−s + 1), yn(−s + 2), · · · , yn(n)} such that gn+1 < gn for n ≥ 0. Then, for each

n ≥ 0, there exists a vector (gn, yn(−s+1), yn(−s+2), · · · , yn(n−1), yn(n), yn(n), · · · ) which solves

Equations (5)-(9) with the modified cost function c(x) = c(x) for 0 ≤ x ≤ n and c(x) = c(n), for

x > n. For this solution, we have

gn = λyn(−s+ 1), (17)

gn = λyn(x+ 1)− (s+ x)µyn(x), for − s < x < 0, (18)

gn − c(0) = bλyn(1)− sµyn(0), for x = 0, (19)

gn − c(x) = rxγy
n(x+ 1)− qx(sµ+ γ)yn(x), for 0 < x < n, (20)

gn − c(n) = rxγy
n(n)− qx(sµ+ γ)yn(n), for x ≥ n. (21)

In Theorem 3 we show that if gn is decreasing in n, then the sequence of solutions to the

n−terminating problem converges to the optimal solution.

Theorem 3 Let rx be increasing in x and bλ < sµ. If gn > gn+1 for n ≥ 0, then

lim
n−→∞

gn = g∗,

where g∗ is the solution of Equations (5)-(9).

Finally, in Proposition 1, we provide a stopping criterion in the decreasing case.

Proposition 1 If gn is decreasing in n, then

gn − g∗ ≤ γrn(P − yn(n)).

We are now in a position to establish an algorithm to compute the optimal threshold using the

solution of the n−terminating problem. The result of Theorem 2 indicates that the first local min-

imum for the expected cost is also the optimal one. In the decreasing case, Proposition 1 provides

a stopping criterion for the algorithm. The algorithm is as follows:
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Algorithm 1: Computation of the optimal rejection threshold.

1. Initialisation. Set n = 0 and compute gn, g∞, and yn(n) using Equations (14) and (15).

2. Iteration step: Increase n by one and compute gn and yn(n) using Equations (14) and (15).

If gn > gn−1, then the rejection threshold n− 1 is optimal.

If gn ≤ gn−1, then

• If g∞ − gn ≤ γrn(P − yn(n)), then it is optimal not to reject any customer (i.e., n =∞ is

optimal).

• Otherwise, go back to the Iteration step.

5 Applicability of the algorithm and discussions

In this section, we show the applicability of our algorithm. First, we comment the conditions needed

to implement Algorithm 1. Next, we provide a numerical illustration of our algorithm. Finally, we

discuss the effect of the patience on the expected cost.

Comments. Although the threshold nature of the optimal policy does not depend on additional

conditions on the system parameters, the applicability of Algorithm 1 is restricted to the assumptions

made to prove the related results of Section 4. Even if numerically our results hold if these conditions

are not satisfied, it is interesting to explain the meaning of these assumptions.

• “Let rx be increasing in x." This condition is needed to prove Theorem 2, Lemma 2,

and Theorem 3. Having rx increasing in x means that the longer a customer waits, the

more patient she/he is. This characterizes patience distribution with a decreasing failure rate

(DFR) property. As an example from practice, Jouini et al. (2013) showed that the patience

distribution in a call center fits well with a hyperexponential distribution. This distribution

has the DFR property. Note that rx does not need to be strictly increasing in x. Thus, if

customers are infinitely patient (i.e., rx = 1, for x ≥ 1) or if the patience is exponentially

distributed with rate β > 0 (i.e., rx = γ
γ+β , for x ≥ 1 as in Table 1 of Legros et al. (2017)),

then the results of Section 4 are still valid.

The assumption for rx can be understood through the system manager’s objective. It consists

of rejecting some customers so as to reduce the system congestion and to improve the service

quality. When rx is increasing in x, the FIL is the customer who has the most negative impact
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on future congestion in the sense that the FIL has the smallest probability to abandon the

queue in the future. Therefore, if one customer should be rejected, it should be in priority

the FIL. This is actually what is being done while applying a FCFS and a FCFR discipline.

With patience distributions which do not have the DFR property, the optimal discipline for

rejection or service may not necessarily be FCFS or FCFR.

Note that for patience distributions without the DFR property, we cannot prove that the first

minimum found by increasing the rejection threshold is the optimal threshold as proven in

Theorem 2. However, from our numerical investigations, we couldn’t find a counterexample

where the result of Theorem 2 wouldn’t apply.

• “Let c(x)− qxP (sµ+ γ) be increasing in x." This assumption is needed to prove Theorem

2. Having c(x)−qxP (sµ+γ) increasing in x is equivalent to having c(x)+(1−qx)P (sµ+γ) =

c(x) +px,xP (sµ+γ) increasing in x. In the latter expression, px,x is the probability that after

a service completion, a rejection, or an abandonment, the system state remains unchanged.

Therefore, px,x can be seen as the risk that a rejection from state x > 0 is paid with cost P

without having any positive effect on the system congestion. With this interpretation, the

term px,xP (sµ+γ) should be added to c(x) to account for the overall cost of state x. In other

words, having c(x)− qxP (sµ+ γ) increasing in x means that the cost of state x is increasing

in x.

Note that we have qx =

[
1 + bλ

γ

x∏
i=1
ri

]−1
. This function is increasing in x. Moreover, we have

qx ≤ 1. Therefore, qx has a finite limit as x tends to infinity. This means that for x sufficiently

large, the variation of qx in x can be neglected and the condition of having c(x)− qxP (sµ+γ)

increasing in x is equivalent to simply having c(x) increasing in x, for x sufficiently high.

• “Let bλ < sµ." This condition is needed to prove Lemma 2 and Theorem 3 when gn is

decreasing in n. This condition means that the system is stable without abandonment and

subsequently ensures that the stationary probabilities can be computed in all cases. Note

that for most cases of c(k), if bλ ≥ sµ then gn cannot be decreasing in n. It means that the

decreasing case for gn is incompatible with bλ ≥ sµ.

Numerical illustration. In Figure 1, we consider a case without balking and reneging (i.e.,

b = 1, and ri = 1, for i ≥ 1). We want to minimize the expected cost per customer and per time

unit given that a cost of 0.1 is counted per customer and per time unit spent in the queue and a

cost of 1 is counted per rejected customer. In order to translate this objective, we define c(x) as
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c(x) = 0.1
(
sµ
λ
x
γ + 1x=n

γ
λ
n
γ

)
, for x > 0, and P = 1/λ. The time-threshold, τ , is estimated via the

relation τ = n
γ . Therefore, the higher γ is the longer it takes to estimate the optimal threshold

but the more accurate is the estimation of τ . The speed of convergence of the optimal cost and

the optimal threshold as functions of γ depends on the system parameters. We observe that in

cases with a large number of servers and λ > sµ, high values of γ are needed to obtain an accurate

estimation. As expected, in large systems, the expected cost per customer is reduced. Moreover,
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(c) Optimal cost (λ = 0.8sµ)
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(d) Optimal threshold (λ = 0.8sµ)

Figure 1: Numerical results (µ = 1, c(x) = 0.1
(
sµ
λ
x
γ + 1x=n

γ
λ
n
γ

)
, P = 1/λ, b = 1, and ri = 1, for

i ≥ 1)

the optimal rejection threshold decreases with the system size. This translates that the optimal

trade-off between rejection and wait is obtained with lower waits in larger systems.

Effect of the impatience. In Figure 2, we represent the expected cost as a function of the

rejection time in different situations of impatience. Figure 2(a) illustrates the effect of the expected

patience time on the expected cost. We considered an exponential distribution with rate β > 0 for

the patience time, and a cost function, c(x), which captures the expected wait of served customers.

We observe that while increasing customers’ impatience (i.e., while increasing β), (i) the expected

cost reduces, and (ii) the optimal rejection threshold increases. This can be understood by the
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(a) Exponential distribution with c(x) = sµx
γ

, and rx =
γ

γ+β
, for x ≥ 1
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(b) Exponential distribution with c(0) = (1−b)λ, c(x) =
(1− rx)γ, and rx = γ

γ+β
, for x ≥ 1
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(c) Hyper-exponential distribution with c(x) = sµx
γ

, and

rx =
p
(

γ
γ+β

)x
+1−p

p
(

γ
γ+β

)x−1
+1−p

, for x ≥ 1

Figure 2: Optimal cost (µ = 1, λ = 12, s = 10, b = 0.8, P = 0.5, γ = 10000)

objective function. In this illustration, the system manager only cares about the service quality of

served customers. From this perspective, a strong impatience has an appreciable effect for reducing

the system congestion. In addition, customers’ rejection is used as a tool to further reduce the system

congestion. The more customers abandon the queue, the less it is needed to reject customers and

the higher is the rejection threshold.

Figure 2(b) considers the same distribution as in Figure 2(a). For this illustration, the definition

of the cost function, c(x), allows us to evaluate the rate of abandonment. As expected, contrary

to Figure 2(a), the expected cost increases with customers’ impatience. Another interesting result

is that the optimal rejection threshold is either 0 (with β = 10) or ∞ (with β = 0.1, 2, 5). This

means that either all delayed customers should be rejected or they should all be kept in the queue.

This preference for extreme decisions is related to the constant value of the cost function, c(x), for

x ≥ 1. In our case, this function is constant due to the exponential distribution of the patience.

Due to the memoryless property of the patience, if it is optimal to keep a customer in the queue,

then the same decision is optimal at a later time as neither the probability of abandonment nor the
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cost of rejection will be modified. Note that a wait percentile objective is another example where

the cost function is partially constant. Thus, with percentiles objective, it is either optimal to reject

all customers at the instant just before the penalty for exceeding the time-threshold is paid or it is

optimal to not reject any customer.

In Figure 2(b) the preference between rejecting customers or letting them wait is driven by the

competition between the cost of abandonment and the cost of rejection. We chose a cost of rejection

of 0.5 per customer, while the cost of abandonment is 1 per customer. Therefore, it is cheaper to

reject a customer than to let this customer abandon the queue. With highly impatient customers,

the probability that a delayed customer abandons the queue is high, therefore by rejecting all delayed

customers, the abandonment cost is avoided. With more patient customers, the chance to be served

is higher, and both the rejection and the abandonment cost could be avoided.

Finally, in Figure 2(c), we investigate the impact of the patience variability with a cost function

representing the expected wait of served customers. For this purpose, we consider a particular

hyperexponential distribution for which either a customer abandons the queue after an exponential

time with parameter β or abandons directly without waiting. The former event occurs with prob-

ability p, while the latter occurs with probability 1 − p. The parameters of this distribution are

chosen such that the expected time before abandonment, p
β , is equal to 10 time units. The coeffi-

cient of variation of this distribution, defined as the ratio of the standard deviation to the mean,

is
√

2−p
p . Therefore, by decreasing p, we increase the patience variability. As expected, the system

cost increases and the optimal rejection threshold decreases with the patience variability. However,

by comparing Figure 2(c) with Figure 2(a), we conclude that the mean value of the patience has

significantly more impact than its standard deviation on system cost and optimal threshold.

6 Conclusion

We considered a multi-server queue with general abandonment where rejection control could be

exercised after allowing customers to wait. This problem may be seen as an alternative to the classic

admission control problem where control is exercised at customers’ arrival. Using an approximated

model where the waiting time of the first customer in line is discretized via an Erlang distribution,

we showed that the optimal control for rejection is a time-based threshold policy. Under this policy,

all customers are admitted in the system. However, if a customer’s wait reaches a timeout threshold,

then the customer is rejected. To compute the optimal threshold, we showed, in the case where

patience has the decreasing failure rate property, that a local minimum was necessarily a global
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one for the approximated system. By extension, this also proved the result for the real system.

Other interesting results were explained. For instance, if the cost function is constant on some

intervals, then the search for the optimal threshold is limited to a finite number of time thresholds.

Another interesting aspect is the role of customers’ abandonment which may either be detrimental

or beneficial to the system cost depending whether the system manager is interested by the rate of

abandonment or by the service quality of served customers.

In future research, going one step beyond the current framework, we could investigate the

potential of time-based control in other queueing systems involving customer retrial, other service

time distributions, or agents’ heterogeneity. Another challenging avenue would be to determine a

framework for comparing time-based and quantity-based policies. More specifically, it would be

interesting to associate the appropriate decision variable (the time or the quantity) to each metric

used in practice for evaluating a system’s performance.
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Appendix

Proof of Theorem 1

Proof. Consider a policy in ΩS . Let πx be the stationary probability to be in state x, x ≥ −s.

Consider the cut between A = {−s,−s + 1, · · · , x} and B = {x + 1, x + 2, · · · }, where x ≥ −s.

Observing that for x, k > 0, we have

x∑
i=0

px+k,i =
x∑
i=1

(1− qi)
x+k∏
j=i+1

qj +
x+k∏
j=1

qj =
x∑
i=0

x+k∏
j=i+1

qj −
x∑
i=1

x+k∏
j=i

qj =
x∑
i=0

x+k∏
j=i+1

qj −
x−1∑
i=0

x+k∏
j=i+1

qj

=

x+k∏
j=x+1

qj ,

we deduce that the cumulative transition rate from state x+ k to states 0, 1, · · · , x is (sµ+ γ(1−

rx+k) + γrx+kp(x+ k)) ·
x+k∏
j=x+1

qj . Therefore, by equating flows across the cut, one may write

λπx = (s+ x+ 1)µπx+1, for − s ≤ x < 0, (22)

bλ(1− p(0))π0 =

∞∑
k=1

[sµ+ γ(1− rk) + γrkp(k)]πk

 k∏
j=1

qj

 , for x = 0, (23)

γrx(1− p(x))πx =
∞∑
k=1

[sµ+ γ(1− rx+k) + γrx+kp(x+ k)]πx+k

 x+k∏
j=x+1

qj

 for x > 0. (24)

Multiplying Equation (6) by πx, we get (s + x)µy(x)πx − λy(x + 1)πx = −gπx, for −s < x < 0.

From Equation (22), we deduce that

(s+ x)µy(x)πx − (s+ x+ 1)µy(x+ 1)πx+1 + gπx = 0, (25)

for −s < x < 0. We have min(y(1), P ) ≤ p(0)P + (1− p(0))y(1). Multiplying Equation (7) by π0,

we next deduce that π0(g − c(0) + sµy(0)) ≤ bλπ0[p(0)P + (1− p(0))y(1)]. Finally, from Equation

(23), we get

sµy(0)π0 − y(1)

∞∑
k=1

[sµ+ γ(1− rk) + γrkp(k)]πk

 k∏
j=1

qj

+ gπ0 ≤ π0(bλp(0)P + c(0)). (26)
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Similarly, for x > 0, we have min(V (x+ 1)− V (x), F (V (x)) + P − V (x)) ≤ (1− p(x))(V (x+ 1)−

V (x)) + p(x)(F (V (x)) + P − V (x)). So, from Equation (8), we get

(sµ+ γ(1− rx))(V (x)− F (V (x)))− γrx(1− p(x))(V (x+ 1)− V (x))

− γrxp(x)(F (V (x)) + P − V (x)) ≤ c(x)− g,

for x > 0. This equation can be rewritten as

(sµ+γ(1−rx)+γrxp(x))(V (x)−F (V (x)))−γrx(1−p(x))(V (x+1)−V (x))−γrxp(x)P ≤ c(x)−g,

for x > 0. Multiplying the above equation by πx and combining it with Equation (24) yields

(sµ+ γ(1− rx) + γrxp(x))(V (x)− F (V (x)))πx (27)

− (V (x+ 1)− V (x))
∞∑
k=1

[sµ+ γ(1− rx+k) + γrx+kp(x+ k)]πx+k

 x+k∏
j=x+1

qj

+ gπx

≤ πx(c(x) + γrxPp(x)),

for x > 0.

Summing up Equations (25) for −s < x < 0, Equation (26) and Equations (27) for x > 0, we

get

−1∑
x=−s+1

((s+ x)µy(x)πx − (s+ x+ 1)µy(x+ 1)πx+1) + sµy(0)π0

− y(1)
∞∑
k=1

[sµ+ γ(1− rk) + γrkp(k)]πk

k∏
j=1

qj

+
∞∑
x=1

(sµ+ γ(1− rx) + γrxp(x))(V (x)− F (V (x)))πx

− (V (x+ 1)− V (x))

∞∑
k=1

[sµ+ γ(1− rx+k) + γrx+kp(x+ k)]πx+k

x+k∏
j=x+1

qj

+ g
∞∑

x=−s+1

πx ≤ bλπ0p(0)P + c(0)π0 +
∞∑
x=1

πx(c(x) + γrxPp(x)).

The first line of the left hand side of the inequality can be simplified into
−1∑

x=−s+1
((s+ x)µy(x)πx −

(s + x + 1)µy(x + 1)πx+1) + sµy(0)π0 = µy(−s + 1)π−s+1. Consider now the second, third and
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fourth line of the left hand side of the inequality. These three lines can be rewritten as

∞∑
x=1

πx(sµ+ γ(1− rx) + γrxp(x))

V (x)− F (V (x))−
x∑
k=1

(V (k)− V (k − 1))

x∏
j=k

qj


=

∞∑
x=1

πx(sµ+ γ(1− rx) + γrxp(x))

V (x)−
x∑
k=1

(1− qk)
x∏

j=k+1

qjV (k)−
x∏
j=1

qjV (0)

−
x∑
k=1

(V (k)− V (k − 1))
x∏
j=k

qj


∞∑
x=1

πx(sµ+ γ(1− rx) + γrxp(x))

V (x)−
x∑
k=0

x∏
j=k+1

qjV (k) +
x∑
k=1

x∏
j=k

qjV (k)−
x∑
k=1

x∏
j=k

qjV (k)

+
x−1∑
k=0

x∏
j=k+1

qjV (k)

 = 0.

Moreover, g
∞∑

x=−s+1
πx = g(1−π−s). We identify the right hand side of the inequality with the average

cost for the policy in ΩS ; bλπ0p(0)P + π0c(0) +
∞∑
x=1

πx(c(x) + γrxPp(x)) = gS . The inequality then

becomes

µy(−s+ 1)π−s+1 + g(1− π−s) ≤ gS .

Since µπ−s+1 = λπ−s, this inequality can be rewritten as

π−s (λy(−s+ 1)− g) + g ≤ gS .

Finally, Equation (5) indicates that λy(−s+ 1)− g = 0. Therefore, we obtain g ≤ gS . This finishes

the proof of the Theorem. 2

Proofs of Lemma 1 and Theorem 2

Proof of Lemma 1. We prove Lemma 1 by induction. From Equation (10), we have gn1 =

λyn1(−s+ 1) and gn2 = λyn2(−s+ 1), so clearly yn1(−s+ 1) ≥ yn2(−s+ 1). For −s < x < 0, using

Equation (11), one may write

λ(yn1(x+ 1)− yn2(x+ 1)) = gn1 − gn2 + (s+ x)µ(yn1(x)− yn2(x)).
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This relation proves the induction step for Equation (16) for −s < x ≤ 0. For x = 0, we have

bλ(yn1(1)− yn2(1)) = gn1 − gn2 + sµ(yn1(0)− yn2(0)) ≥ 0.

For x > 0, we have

γrx(yn1(x+ 1)− yn2(x+ 1)) = gn1 − gn2 + qx(sµ+ γ)(yn1(x)− yn2(x)),

for 0 < x ≤ min(n1, n2). This proves the induction step for Equation (16), for 0 < x ≤ min(n1, n2)+

1. 2

Proof of Theorem 2. Consider m ∈ N such that gm < gk for 0 ≤ k ≤ m− 1 and gm+1 > gm for

the n-terminating problem. Let us consider a modified version of the original problem such that the

transition rates are identical to those of the original problem for −s ≤ x ≤ m and become constant

and equal to their value at x = m+ 1, for x ≥ m+ 1. In the modified problem, the cost function is

changed into c′(x) = c(x) for 0 ≤ x ≤ m and c′(x) = c(m+ 1)− gm+1 + gm, for x > m.

In this case, the threshold level m is optimal for this modified problem associated with the

optimal cost gm. To show the latter result, we give the explicit solution of Equations (5)-(9) for

the modified problem. It is given by the vector (g, y(−s + 1), y(−s + 2), · · · , y(k), · · · ), where

g = gm and y(k) = ym(k) for −s + 1 ≤ k ≤ m and y(k) = ym+1(m + 1) if k > m. Since

gm+1 > gm, Lemma 1 proves that ym+1(m + 1) > ym(m + 1) = P . Moreover, since gk > gm for

0 ≤ k ≤ m−1, Lemma 1 shows that ym(k+1) < yk(k+1) = P . Therefore, we can easily check that

g, y(−s+ 1), y(−s+ 2), · · · , y(m) are solutions of the optimality equations (5)-(9). For x ≥ m+ 1,

we have for the modified problem gm−c(m+1)+gm+1−gm = rm+1γP −(sµ+γ)qm+1y
m+1(m+1).

This equation coincides with the equation at level m+ 1 for the threshold policy with the threshold

level m+ 1 in the n-terminating problem.

For the modified problem, let g′k be the average expected cost for the modified problem associ-

ated with the threshold level k and let y′k(x) be the associated solution of Equation (10)-(13). If

m is not optimal for the original problem, then there exists n > m + 1, such that gn < gm. First,

we show that we cannot have g′n ≥ gn. Let us assume that g′n ≥ gn and show that this leads to

a contradiction. We have gn = λyn(−s+ 1), for the original problem, and, g′n = λy′n(−s+ 1), for

the modified problem. So clearly, y′n(−s+ 1) ≥ yn(−s+ 1). For −s < x < 0,

λ(y′n(x+ 1)− yn(x+ 1)) = g′n − gn + (s+ x)µ(y′n(x)− yn(x)).
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Therefore, by induction we have y′n(x) ≥ yn(x), for −s < x ≤ 0. For x = 0, we have

bλ(y′n(1)− yn(1)) = g′n − gn + sµ(y′n(0)− yn(0)).

Therefore, y′n(1) ≥ yn(1). For 0 < x ≤ m,

rxγ(y′n(x+ 1)− yn(x+ 1)) = g′n − gn + (sµ+ γ)qx(y′n(x)− yn(x)).

Therefore, by induction we have y′n(x) ≥ yn(x), for 1 < x ≤ m+ 1. For x = m+ 1, we have

rm+1γ(y′n(m+ 2)− yn(m+ 2)) = g′n − gn + gm+1 − gm + (sµ+ γ)qm+1(y
′n(m+ 1)− yn(m+ 1)).

So, y′n(m+ 2) ≥ yn(m+ 2). For m+ 1 < x < n,

γ(rm+1y
′n(x+ 1)− rxyn(x+ 1))

= g′n − gn + gm+1 − gm + c(x)− c(m+ 1) + (sµ+ γ)(qm+1y
′n(x)− qxyn(x))

= g′n − gn + gm+1 − gm + (sµ+ γ)qm+1(y
′n(x)− yn(x)) + (sµ+ γ)(qm+1 − qx)yn(x)

+ c(x)− c(m+ 1).

The definition of qx indicates that qx in increasing in x. Therefore, qm+1 − qx ≤ 0, for x ≥ m+ 1.

Moreover, using Lemma 1, we have yn(x) ≤ P , for x ≤ n. Therefore,

(sµ+ γ)(qm+1 − qx)yn(x) + c(x)− c(m+ 1) ≥ (sµ+ γ)(qm+1 − qx)P + c(x)− c(m+ 1) ≥ 0,

since c(x) − qx(sµ + γ)P is increasing in x. This shows that if y′n(x) ≥ yn(x), then rm+1y
′n(x +

1)− rxyn(x+ 1) ≥ 0. Using now the increasing property of rx, we may write

rx(y′n(x+ 1)− yn(x+ 1)) = rm+1
rx
rm+1

y′n(x+ 1)− rxyn(x+ 1)

≥ rm+1y
′n(x+ 1)− rxyn(x+ 1) ≥ 0.

This proves by induction that y′n(x) ≥ yn(x), for m + 1 < x ≤ n. In summary, if g′n ≥ gn then
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y′n(x) ≥ yn(x), for −s+ 1 ≤ x ≤ n. Consider now the case x = n. One may write

gn − c(n) = γrnP − qn(sµ+ γ)yn(n), for the original problem, and,

g′n − c(m+ 1) + gm+1 − gm = γrm+1P − qm+1(sµ+ γ)y′n(n), for the modified problem.

Let us subtract these two equations. We get

gn − g′n = gm+1 − gm + γP (rn − rm+1) + qm+1(sµ+ γ)(y′n(n)− yn(n))

+ c(n)− c(m+ 1) + (sµ+ γ)yn(n)(qm+1 − qn).

We assumed that gm+1 ≥ gm and that rx is increasing in x and we showed that y′n(n) ≥ yn(n).

Moreover, since yn(n) ≤ P (using Lemma 1), qm+1 ≥ qn, and c(x)− (sµ+ γ)qxP is increasing in x,

we have c(n)− c(m+ 1) + (sµ+ γ)yn(n)(qm+1 − qn) ≥ 0. This proves that gn > g′n and shows the

contradiction. As a conclusion, we have gn > g′n. This leads to g′n < gn < gm = g′m which is in

contradiction with g′m < g′n (optimality of the threshold level m for the modified problem). This

proves that there cannot exist n > m + 1, such that gn < gm and shows that gm < gk for k ≥ 0,

and k 6= m. 2

Proof of Lemma 2

Consider an n−terminating solution {gn, yn(−s+1), yn(−s+2), · · · , yn(n)}. Since gn is decreasing

in n, we have gn < gk for k < n. So, Lemma 1 indicates that yn(x) < yk(x) for −s+ 1 ≤ x ≤ k+ 1.

So yn(k) < yk(k+1) = P for k ≤ n. Therefore, {gn, yn(−s+1), yn(−s+2), · · · , yn(n)} satisfies the

optimality equations translated into Equations (17)-(20). However, Equation (21) is not necessarily

satisfied by {gn, yn(−s+ 1), yn(−s+ 2), · · · , yn(n)}.

The objective here is to build a new sequence {gn, yn(−s+1), yn(−s+2), · · · , yn(n)} which also

satisfies Equation (21). Note that for any fixed g in Equations (5)-(9) there exists a unique sequence

y(x), for x ≥ −s+ 1. Therefore, y(n) can be seen as a function of g. We thus write y(n) = y(n, g).

We define

G(n, g) = −rnγy(n, g) + qn(sµ+ γ)y(n, g) + g − c(n), for n ≥ 1, and

G(0, g) = −bλy(0, g) + sµy(0, g) + g − c(0).
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We want to show that for each n ≥ 0, there exists gn such that G(n, gn) = 0. If for some n ≥ 1,

the original n−terminating problem is such that G(n, gn) < 0, then gn − c(n) < rnγy
n(n) −

qn(sµ+ γ)yn(n). However, from Equation (13), we have gn − c(n) = rnγP − qn(sµ+ γ)yn(n). So,

G(n, gn) < 0 indicates that yn(n) > P . This is in contradiction with Lemma 1 and the assumption

of decreasing values for gn. The approach is identical to show that G(0, g0) cannot be strictly

negative. Therefore, G(n, gn) ≥ 0, for n ≥ 0.

Consider the case n = 0, with g = 0. Equations (5)-(6) lead to y(0, 0) = 0. Therefore G(0, 0) =

(sµ − bλ)y(0, 0) + g − c(0) = −c(0) < 0. Moreover, we showed that G(0, g0) ≥ 0. Since G(0, g) is

continuous in g on (0,∞), there exists 0 ≤ g0 ≤ g0 such that G(0, g0) = 0.

Consider now the case n = 1, with g = 0. Equations (5)-(6) lead to y(1, 0) = − c(0)
bλ . Therefore, we

have G(1, 0) = −c(1)− c(0)
bλ (q1(sµ+ γ)− r1γ). Recall that q1 = 1

1+ bλ
γ
r1
. Thus, q1(sµ+ γ)− r1γ =

sµ+γ(1−r1)−bλr21
1+ bλ

γ
r1

. The numerator of this expression is decreasing in r1. Moreover, the highest possible

value for r1 is 1. Therefore, sµ + γ(1 − r1) − bλr21 ≥ sµ − bλ > 0. This shows that G(1, 0) < 0.

Again, since G(1, g) is continuous on (0,∞), there exists 0 ≤ g1 ≤ g1 such that G(1, g1) = 0.

Assume now that there exists gn such that G(n, gn) = 0. We have

G(n+ 1, gn) = −rn+1γy(n+ 1, gn) + qn+1(sµ+ γ)y(n+ 1, gn) + gn − c(n+ 1)

Moreover, we have y(n+ 1, gn) = y(n, gn) and G(n, gn) = 0. So,

G(n+ 1, gn) = c(n)− c(n+ 1) + y(n, gn) [(sµ+ γ)(qn+1 − qn) + γ(rn − rn+1)] .

We assumed that c(x) and rx are increasing in x. Moreover qx is decreasing in x. Therefore,

G(n + 1, gn) < 0. Since G(n + 1, g) is continuous on (0,∞), there exists gn ≤ gn+1 ≤ gn+1 such

that G(n+ 1, gn+1) = 0. This proves the induction step. 2

Proof of Theorem 3

Consider the modified holding cost c(x) = c(x), for 0 ≤ x ≤ n and c(x) = c(n), for x ≥ n. Lemma

2 indicates that there exists a vector (gn, yn(−s + 1), yn(−s + 2), · · · , yn(n − 1), yn(n), yn(n), · · · }

which solves Equations (5)-(9) for the modified cost function and has yn(k) < P , for −s+1 ≤ k ≤ n.

Therefore, it is never optimal to reject a customer. Let πnx and π∞x be the steady state probabilities

to be at state x in the n−terminating problem and in the policy that exercises no control. These
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probabilities can be obtained using the expression of the long-run cost in Equation (15). Given that

gn = Pγrn · πnn +
n∑
x=0

c(x)πnx , we identify the stationary probabilities to be in state x ≥ 0. For the

policy with finite n, we obtain after some algebra

πn0 =

 s∑
k=0

s!

(s− k)!

(µ
λ

)k
+ bλ

n∑
k=1

1

γrk

(
γ

sµ+ γ

)k k∏
j=1

rj
qj

−1 , and,

πnx =

bλ
γrx

(
γ

sµ+γ

)x x∏
j=1

rj
qj

s∑
k=0

s!
(s−k)!

(µ
λ

)k
+ bλ

n∑
k=1

1
γrk

(
γ

sµ+γ

)k k∏
j=1

rj
qj

, for 0 < x ≤ n.

By letting n tend to infinity, we get

π∞0 =

 s∑
k=0

s!

(s− k)!

(µ
λ

)k
+ bλ

∞∑
k=1

1

γrk

(
γ

sµ+ γ

)k k∏
j=1

rj
qj

−1 , and,

π∞x =

bλ
γrx

(
γ

sµ+γ

)x x∏
j=1

rj
qj

s∑
k=0

s!
(s−k)!

(µ
λ

)k
+ bλ

∞∑
k=1

1
γrk

(
γ

sµ+γ

)k k∏
j=1

rj
qj

, for x > 0.

We have gn =
n∑
x=0

c(x)π∞x + c(n)
∞∑

x=n+1
π∞x . This leads to

gn ≤ gn + γrnP · πnn +
n∑
x=0

c(x)(πnx − π∞x )

Moreover, since c(x) ≤ c(x), for x ≥ 0, we have g∗ ≥ gn. Therefore,

gn ≤ g∗ + γrnP · πnn +

n∑
x=0

c(x)(πnx − π∞x ).

Note that

γrnπ
n
n =

bλ
(

γ
sµ+γ

)n n∏
j=1

rj
qj

s∑
k=0

s!
(s−k)!

(µ
λ

)k
+ bλ

n∑
k=1

1
γrk

(
γ

sµ+γ

)k k∏
j=1

rj
qj

≤ bλ
(

γ

sµ+ γ

)n n∏
j=1

rj
qj
.

For 1 ≤ j ≤ n, we have rj
qj

= rj

(
1 + bλ

γ

j∏
i=1
ri

)
≤ 1 + bλ

γ , since ri ≤ 1, for 1 ≤ i ≤ j.

Therefore,
n∏
j=1

rj
qj
≤
(

1 + bλ
γ

)n
. Thus, we may write γrnπnn ≤ bλ

(
bλ+γ
sµ+γ

)n
. Since we assumed

bλ < sµ, we have lim
n−→∞

(
bλ+γ
sµ+γ

)n
= 0 and we deduce that lim

n−→∞
γrnπ

n
n = 0. So, if we show that
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lim
n−→∞

(
n∑
x=1

c(x)(πnx − π∞x )

)
= 0, then we have lim

n−→∞
gn ≤ g∗. Since gn ≥ g∗ for each n ≥ 0, this

proves that lim
n−→∞

gn = g∗ and finishes the proof.

There remains to prove that lim
n−→∞

(
n∑
x=0

c(x)(πnx − π∞x )

)
= 0. By defining r0 = bλ

γ , we may

write

n∑
x=0

c(k)(πnx − π∞x ) = (πn0 − π∞0 )
n∑
x=0

c(x)
bλ

γrx

(
γ

sµ+ γ

)x x∏
j=1

rj
qj

≤ (πn0 − π∞0 )
n∑
x=0

c(x)
bλ

γrx

(
bλ+ γ

sµ+ γ

)x

If lim
x−→∞

c(x+1)
c(x)

rx
rx+1

bλ+γ
sµ+γ < 1, then

n∑
x=0

c(x) bλ
γrx

(
bλ+γ
sµ+γ

)x
has a finite limit as n tend to infinity. With

expressions of c(x) translating the expected waiting time, a percentile of the waiting time or a combi-

nation of both, this condition is clearly satisfied. Since lim
n−→∞

πn0 = π∞0 , then lim
n−→∞

(
n∑
x=1

c(x)(πnx − π∞x )

)
=

0. 2

Proof of Proposition 1

Consider the modified problem with holding costs c′(x) = c(x) − rnγ(P − yn(n)), for x < n and

c′(x) = c(n) otherwise. Therefore, (gn − rnγ(P − yn(n)), yn(−s + 1), yn(−s + 2), · · · , yn(n −

1), yn(n), yn(n), · · · ) satisfies the optimality equations for the modified problem with lower hold-

ing costs implying that the optimal cost of the original problem cannot be any less (i.e., gn −

rnγ(P − yn(n)) ≤ g∗). 2
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